ABSTRACT. Let I be an ideal of a local ring (R, m) with d = dim R. For the local cohomology module H i I (R) it is a well-known fact that it vanishes for i > d and is an Artinian R-module for i = d. In the case that the Hartshorne-Lichtenbaum Vanishing Theorem fails, that is H d I (R) = 0, we explore its fine structure. In particular, we investigate its endomorphism ring and related connectedness properties. In the case R is complete we prove -as a technical tool -that
INTRODUCTION
Let I ⊂ R denote an ideal of a local ring (R, m). Let M be a finitely generated R-module with d = dim M. For an integer i ∈ Z let H i I (M) denote the i-th local cohomology module of M with respect to I as introduced by Grothendieck (see [5] and [3] ). Of a particular interest are the first non-vanishing (resp. the last non-vanishing) cohomological degree of the local cohomology modules H i I (M), known as the grade grade(I, M) (resp. cohomological dimension cd(I, M)). It is a well-known fact that grade(I, M) ≤ cd(I, M) ≤ dim M.
In the case of I = m it follows that cd(m, M) = dim M (see [5] ). While for an arbitrary ideal I ⊂ R the Hartshorne-Lichtenbaum Vanishing Theorem says that the following conditions are equivalent:
(1) H d I (M) = 0. (2) dimR/IR + p > 0 for all p ∈ AssRM such that dimR/p = d.
(see [7] and [3] ). HereM resp.R denotes the completion of M resp. R. Moreover, it follows that H d I (M) is an Artinian R-module (see [7] and [13] ). Furthermore, there is an explicit description of the Artinian R-module H d I (M) by its secondary decomposition and its attached prime ideals (see [4, Section 3] ). Let E R (R/m) denote the injective hull of the residue field. Then
) is a finitely generatedR-module. One of our interest is to study the properties of it.
In recent research there is an interest in endomorphism rings of certain local cohomology modules H i I (R). This was done in the case of i = dim R and I = m by Hochster and Huneke (see [8] ) and in the case of i = height I and R a Gorenstein ring (see [11] and the references there). Here we continue with the case of i = dim R and an arbitrary ideal I ⊂ R. In particular we investigate the natural ring homomorphism
We describe its kernel, characterize when it is an isomorphism, prove that the endomorphism ring HomR(
) is commutative and decide when it is a local Noetherian ring. Note that in the case of I = m we recover results shown by Hochster and Huneke (see [8] ). In fact, we use their result in our proof. 
The ideal J is described explicitly.
AUXILIARY RESULTS
Let (R, m) denote a local ring. Let E R (R/m) denote the injective hull of the residue field
Lemma 2.1. Let M be an R-module and N anR-module. (a) Suppose Supp R M ⊆ V(m). Then M admits a uniqueR-module structure compatible with its R-module structure such that the natural map
M ⊗ RR → M is an isomorphism. (b) The module Ext i R (M, N), i ∈ Z, might
be considered as anR-module such that there is a natural isomorphism Ext
i R (M, N) ≃ Ext iR (M ⊗ RR , N).
(c) The Matlis dual D(M) admits a naturalR-module structure.
We need the definition of the canonical module of a finitely generated R-module M. To this end let (R, m) be the epimorphic image of a local Gorenstein ring (S, n) and n = dim S.
Definition 2.2. (A) For a finitely generated R-module M we consider
is a finitely generatedR-module. (B) This is closely related to the notion of the canonical module K M of a finitely generated Rmodule M. To this end we have to assume that (R, m) is the epimorphic image of a local Gorenstein ring (S, n) with n = dim S.
By virtue of the Cohen Structure Theorem and (A) there is an isomorphism K(M) ≃ KM. By the Local Duality Theorem (see [5] ) there are the following isomorphisms
Moreover, in order to describe certain results on the canonical module we need a further technical definition. 
In the following we summarize a few results about the canonical module K M as well as of K(M). Most of the statements are known in the literature. When we write K M we always assume that R is a factor ring of a Gorenstein ring S as above. 
Proposition 2.4. Let M denote a finitely generated R-module. With the previous conventions and notation the following statements hold:
(a) AssR K(M) = (AssRM) d and Ass R K M = (Ass R M) d . (b) AnnR K(M) = (AnnRM) d and Ann R K M = (Ann R M) d . (c) The module K M satisfies Serre's condition S 2 , that is depth(K M ) p ≥ min{2, dim(K M ) p } for all p ∈ Supp R K M . (d) The kernel of the natural map R → Hom R (K R , K R ) is 0 d . It
REMARKS TO THE HARTSHORNE-LICHTENBAUM VANISHING THEOREM
In this section let M denote a d-dimensional, finitely generated R-module. Here (R, m) is a local ring. The functor· denotes the completion functor.
For an R-module 
The following Lemma gives a better understanding of the previous definitions.
Lemma 3.2. With the previous notation we have that
Ass R Q I (M) = V, Ass R M/Q I (M) = U and U ∪ V = Ass R M.
Proof. The proof is an easy consequence of the primary decomposition of M, M/Q I (M) and Q I (M) (see [10, Lemma 2.7]).
Now we are prepared in order to establish the first main result of this section. It explains in more detail the structure of
Theorem 3.3. Let I denote an ideal of a local ring (R, m). Let M be a finitely generated R-module and d = dim M. Then there is a natural isomorphism
where· denotes the m-adic completion.
Proof. First note that H d I (M)
is an Artinian R-module. So it admits a uniqueR-module structure compatible with its R-module structure such that the natural homomorphism
is an isomorphism. That is, without loss of generality we may assume that R is complete. Now apply the local cohomology functor to the short exact sequence 
. By the definition Q IR (R) is equal to the intersection of all the p-primary component of a reduced minimal primary decomposition of the zero ideal inR such that dimR/p = dim R and dimR/IR + p = 0. Next we want to extend this to the case of an R-module M. Definition 3.4. Let M denote a finitely generated module over the local ring (R, m). Let I ⊂ R denote an ideal. Then define P I (M) as the intersection of all the primary components of
With these preparations we are able to prove the extension we have in mind. Proof. As in the beginning of proof of Theorem 3.3 we may assume that R is a complete local ring without loss of generality. Let R = R/ Ann R M. Then by base change and the right exactness there are the isomorphisms
Now by virtue of Theorem 3.3 there is the isomorphism
, which finishes the proof of the statement.
Let A denote an Artinian R-module. Then the decreasing sequence of submoduls {m n A} n∈N becomes stable. Let m A denote the ultimative stable value of this sequence of decreasing submodules.
Remark 3.6. Let I ⊂ R denote an ideal. For a finitely generated R-module M there is a natural epimorphism
Thus the kernel is described as ∑ n∈N m (0 : H d m (M) I n ). Let us consider the previous epimorphism as an epimorphism ofR-modules. Then by Corollary 3.5 its kernel is equal to P I (M)H d mR (M), or in other words 
This follows easily since
H d mR (M/P I (M)M) ≃ H d mR (M) ⊗RR/P I (M).
